Motivated by applications to abstract group theory, we study Lie powers of relation modules. The relation module associated to a free presentation G = F /N of a group G is the abelianization N ab = N/ [N, N] of N, with G-action given by conjugation in F . The degree n Lie power is the homogeneous component of degree n in the free Lie ring on N ab (equivalently, it is the relevant quotient of the lower central series of N). We show that after reduction modulo a prime p this becomes a projective G-module, provided n > 1 and n is not divisible by p.
Introduction
Let G be a group given by a free presentation G = F /N where F is a non-cyclic free group and N is a normal subgroup of F . The free abelian group N ab = N/N , regarded as a G-module with action induced by conjugation in F , is known as the relation module for G stemming from the given free presentation.
For an arbitrary commutative ring K with 1 and a free K -module V , let L(V ) denote the free Lie algebra on V over K , and let L n (V ) denote its degree n homogeneous component. If V carries the structure of a G-module, the action of G extends to the whole of L(V ) with G acting diagonally on Lie products. Thus each L n (V ) becomes a KG-module called the n-th Lie power of V . The n-th metabelian Lie power M n (V ) of V is the degree n homogeneous component of the free metabelian
Lie algebra M(V ) = L(V )/L (V ).
Let p be a prime, let Z (p) denote the ring of integers localized at p, and let M = N ab ⊗ Z (p) . The aim of this paper is to establish the following result.
Theorem. Let p be a prime, n an integer, and G a group given by a free presentation G = F /N with F noncyclic free and N normal in F . Furthermore, let M = N ab ⊗ Z (p) . If n 2 and p does not divide n, then both the Lie power L n (M) and the metabelian Lie power M n (M) are projective Z (p) G-modules.
Reduction modulo p gives the following.
Corollary. In the notation of the Theorem, let M = N ab ⊗ (Z/pZ). If n 2 and p does not divide n, then both the Lie power L n (M) and the metabelian Lie power M n (M) are projective (Z/pZ)G-modules.
For n = 2 and n = 3, where M n (M) = L n (M), this was recently proved in [5] , and used to obtain a rather surprising result on certain central extensions of groups. In the most prominent special case, the result in question states that the free centre-by-nilpotent-by abelian groups F /[γ c (F ), F ] are torsion-free for c = 6. This is in startling contrast to the cases where c is a prime or c = 4, when for sufficiently large ranks these relatively free groups do contain elements of finite order: see [1, [7] [8] [9] . The present paper was motivated by these applications to abstract group theory, and indeed, our Corollary can be used to extend the results of [5] to other values of c. This will be carried out in a subsequent paper.
In the case where G is a finite group of order prime to n, our Theorem was proved a long time ago [3, Proposition 9.2] using Tate cohomology. Our present approach is based on exploring filtrations of Lie powers and symmetric powers, and relies on results of [8] and [6] . We mention that the Theorem cannot be extended to arbitrary n: results in [2] and [3] show that it is not true for n = p, and one can see from [9] that it is not true when p = 2 and n = 4.
A lemma on projective modules
We begin preparations with a general lemma which may have some independent interest. For any K -free KG-module V , we let V n denote the n-th symmetric power of V , with the convention that set XG, there is also a finer grading which may be described as follows (cf. Lemma 4.1 in [3] ). As K -module, M n (W ) is spanned by the 'monomials' which are Lie products with n factors, all from the set XG. Given any function, f say, from XG to the set of non-negative integers such that the sum of the values of f is n, there are only finitely many monomials in which each element xg of XG occurs precisely f (xg) times among those n factors: the K -submodule they generate is the multihomogeneous component corresponding to f . It is easy to see that M n (W ) is the direct sum of these components and that G permutes these components among themselves. Further, the stabilizer in G of any such component is finite with order dividing n. (To see this, the key point is to notice that if a subgroup H stabilizes the component corresponding to f , then f must be constant on each orbit of H in XG. As the sum of the values of f is n, the set {xg ∈ XG | f (xg) > 0} must be finite; as it is a union of regular orbits of H , the order |H| is finite and n is |H| times the sum of the values of f over any complete set of representatives of these orbits.) This shows that, as KG-module, M n (W ) is a (restricted) direct sum of modules induced from subgroups H whose orders divide n. If a prime q divides |H|, then G does have elements of order q and so (by assumption) q is a unit in K : thus |H| itself is a unit in K . The KH-module to be induced to KG is a multihomogeneous component whose stabilizer is H ; it is not only K -projective but even K -free, being freely generated by the left-normed basic Lie monomials it contains. Thus the above version of Maschke's Theorem shows that the multihomogeneous component is KH-projective, and then it follows that the induced KG-module is KG-projective. This completes the proof. 2
On symmetric powers and metabelian Lie powers
We continue with K an arbitrary commutative ring with 1 and G any group. All tensor products will be over K . Let
be a short exact sequence of K -free KG-modules, and identify A with its image in B. For n > m 0, let K n,m B denote the submodule of B n spanned by the elements
It will also be convenient to set given by
where the sum runs over all permutations ω of the indices 1, . . . ,n. 
where ω is any permutation such that b ω (1) 
of K -free KG-modules, with the maps given by
. . , a n ∈ A), respectively. If n is invertible in K , then this sequence splits via the map (1/n)σ n,1 A :
, giving a useful consequence.
Lemma 3.2. If n is invertible in K , then there are isomorphisms
In another direction, one may use (3.4) to prove the following.
Lemma 3.3. Any short exact sequence (3.1) of K -free KG-modules yields a short exact sequence
Proof. Starting with any exact sequence (3.1), consider the map φ : To this end, we use that (3.1) splits over K (because C is K -free): ignoring the action of G, we may think of B as a direct sum A ⊕ C of free K -modules. Let A be an ordered basis of A as free K -module, and let C be a basis of C as free K -module. Then the elements a 1 ⊗ (a 2 • · · · • a n ) and c ⊗ (a 2 • · · · • a n ) with a i ∈ A, c ∈ C and a 2 · · · a n form a K -basis of B ⊗ A n−1 , and the elements The next lemma will be a key ingredient in the proof of our main result. , and the result is proved. 2
This is clearly a KG-homomorphism, and its image in
a 1 • a 2 • · · · • a n and c • a 2 • · · · • a n with a i ∈ A, c ∈ C and a 1 a 2 · · · a n form a K -basis of K n,n−2 . Since (c ⊗ (a 2 • · · · • a n ))φ = c • a 2 • · · · • a n ,
Symmetric and metabelian Lie powers of the augmentation ideal
From now on we work with the coefficient ring K = Z (p) where p is an arbitrary but fixed prime, and we write R for the group ring Z (p) G. By The main result of this section is the following.
Lemma 4.1. Let n 2. Then (i)
n is projective as R-module whenever n ≡ 0, 1 mod p, (ii) M n ( ) is a projective R-module whenever n ≡ 0, 2 mod p.
This an easy consequence of a technical result which we deduce first. with t 0, the case t = 0 being the one needed here. For the convenience of the reader we give the proof of Lemma 4.2, adapting the notation and argument of [6] . We shall use without proof special cases of the short exact sequences (9.c), (10) and (12) 
We shall use without reference two obvious facts: one, if in an exact sequence all terms except the first one are known to be projective, then the first term is also projective; and two, the tensor . As to the second part, Lemma 3.3 applied to the augmentation sequence gives a short exact sequence
in which the middle and right hand terms are projective R-modules: the former is projective because of the free tensor factor R and the latter is projective by Lemma 4.2. 2
Proof of the Theorem
We need one more technical lemma. The relation module M fits into a short exact sequence
where P is a free R-module (see e.g. Proof. If (3.1) is the relation sequence, the isomorphism (3.2) yields the short exact sequence or W , is projective by the inductive hypothesis, so it follows that the tensor product U = V ⊗ W is projective as well. This completes the inductive step, and thereby the proof of the Theorem. 2
